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We show that a honeycomb lattice of Heisenberg spin-1/2 chains with three-spin junction interac-
tions allows for controlled analytical studies of chiral spin liquids (CSLs). Tuning these interactions
to a chiral fixed point, we find a Kalmeyer-Laughlin CSL phase which here is connected to the crit-
ical point of a boundary conformal field theory. Our construction directly yields a quantized spin
Hall conductance and localized spinons with semionic statistics as elementary excitations. We also
outline the phase diagram away from the chiral point where spinons may condense. Generalizations
of our approach can provide microscopic realizations for many other CSLs.
Introduction.—Chiral spin liquids occupy a promi-
nent position among the most exotic quantum phases
of matter [1]. As examples of quantum spin liquids
[2, 3], they occur in magnetic insulators with long-range-
entangled ground states that break time-reversal and re-
flection symmetries. The historically first proposal is the
Kalmeyer-Laughlin CSL [4, 5], a topological phase of in-
teracting spins equivalent to a bosonic fractional quan-
tum Hall state. The non-Abelian phase of Kitaev’s hon-
eycomb model in a magnetic field provides another CSL
example, with Ising anyons as elementary excitations [6].
Recent experiments have reported a quantized thermal
Hall conductance for the Kitaev material α-RuCl3 [7],
compatible with the chiral Majorana edge mode expected
for this CSL phase. Various other CSL phases have been
theoretically investigated [8–22] and are actively searched
for in experiments, including gapless CSLs with spinon
Fermi surfaces [23–26].
A major obstacle to the theory of CSLs comes from
the shortage of analytical methods able to predict their
occurrence and their physical properties in microscopic
models. Apart from exactly solvable models [6, 9, 10],
standard approaches employ parton mean-field theories
that fractionalize the spin operator into fermionic or
bosonic quasiparticles [5, 27], or use variational wave
functions obtained by a Gutzwiller projection scheme
[2]. Such approaches are often able to capture the ba-
sic phenomenology when the CSL phase is indeed real-
ized. However, since they rely on uncontrolled approx-
imations, their predictions are often questionable, e.g.,
due to the neglect of interactions mediated by emergent
gauge fields. In this Letter we establish a connection be-
tween chiral fixed points of boundary conformal field the-
ory (BCFT) [28, 29] and CSL phases, and use it to formu-
late a controlled analytical construction scheme for CSLs
where chiral junctions of multiple spin chains serve as
the elementary building blocks in two-dimensional (2D)
networks of spin chains. Our approach markedly differs
from standard coupled-wire constructions [13–16, 30–32],
where spin liquid phases emerge in models of coupled
parallel chains. Our network construction instead uses
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(b)
FIG. 1. Y junction and 2D honeycomb network of spin-1/2
chains. (a) Single Y junction: Three Heisenberg chains of
equal length `  1 (with lattice spacing a = 1) are labeled
by α = 1, 2, 3. They are coupled at the junction (x = 0) by
the three-spin boundary coupling Jχ in Eq. (1). At the chi-
ral fixed point, Jχ = Jcχ, incoming (left-moving, L) spin cur-
rents are perfectly rerouted in a counterclockwise (for Jχ > 0)
sense [35, 36]. (b) Adding Y junctions at each chain boundary
x = `, and iterating the process, one obtains the shown 2D
spin chain network. Down-pointing triangles (yellow) mark
the positions V. The neighboring junctions correspond to
up-pointing triangles (green). The three vectors δα (orange)
appearing in Eq. (4) are also indicated. For Jχ = Jcχ, the field
theory reduces to decoupled chiral bosons describing circulat-
ing loop spin currents (blue), parametrized by the hexagon
centers R (open circles) and the 1D coordinate ξ ∈ [0, 6`].
For a strip geometry, the theory includes gapless edge modes
(pink). The dotted line highlights the cluster C(`, 2) used in
DMRG simulations.
chiral junctions and does not rely on the renormaliza-
tion group (RG) flow of selected interactions to strong
coupling in order to gap out bulk degrees of freedom.
Moreover, in contrast to the spatial anisotropy inher-
ent to coupled-wire constructions, our approach natu-
rally preserves point group symmetries which may play
an important role in protecting gapless CSLs [25, 26] and
interacting topological crystalline phases [33, 34].
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2We demonstrate the power of this approach for a hon-
eycomb lattice of spin-1/2 Heisenberg chains linked to-
gether by three-spin junction couplings, see Fig. 1. A
single Y junction of spin-1/2 Heisenberg chains has been
studied in Refs. [35, 36]. The boundary conditions at
this junction can be controlled by tuning a three-spin
interaction Jχ, see Fig. 1a. Remarkably, for a special
value Jχ = Jcχ, one finds an ideal chiral fixed point
where incoming spin currents are perfectly rerouted to
the next chain in rotation, without any backscattering.
For `→∞, the chiral point is unstable as it corresponds
to a BCFT critical point [35, 36]. We here show from den-
sity matrix renormalization group (DMRG) simulations
that in networks of finite-length spin chains, the chiral
fixed point remains present. Moreover, it exists even for
rather short chains with ` = 8. For the honeycomb lat-
tice in Fig. 1b, the chiral point then begets a stable CSL
with energy gap E1 ∝ 1/`. For spin-1/2 chains, the re-
sulting phase is precisely the Kalmeyer-Laughlin CSL.
From our construction, it is straightforward to establish
a quantized spin Hall conductance and the existence of lo-
calized spinons with semionic statistics as elementary ex-
citations. While we here focus on the Kalmeyer-Laughlin
CSL as proof-of-principle example, our construction can
readily be generalized to treat non-Abelian CSLs from
higher-S spin chains [15], gapless CSLs with staggered
chirality [26], and three-dimensional CSLs, e.g., on a hy-
perhoneycomb network [37]. We expect that by allowing
for SU(n > 2) spin rotation symmetry, for chiral junc-
tions of more than three chains, and/or by including the
effects of a magnetic field, the physics of all CSLs de-
scribed by the projective symmetry group classification
[38] will become accessible. Apart from this conceptual
advance, our construction may also be useful for engi-
neering synthetic CSL materials.
2D network at chiral fixed point.—We begin with the
Hamiltonian for a 2D honeycomb network of spin-1/2
Heisenberg chains, see Fig. 1b, where length-` chains are
coupled by a three-spin boundary interaction Jχ,
H = J
∑
c
∑
〈ij〉∈c
Si · Sj + Jχ
∑
b
∑
ijk∈b
Si · (Sj × Sk). (1)
Here J > 0 is the exchange coupling between nearest-
neighbor spin operators Si and Sj within the same chain
c. The coupling Jχ breaks time-reversal symmetry and
induces a scalar spin chirality [5] at the boundary trian-
gles (b), see Fig. 1a. It can be generated in Mott insula-
tors by using circularly polarized light [39]. The model
(1) could be realized in cold atom arrays [40], atomic
chains on insulating surfaces [41], or in superconducting
circuits [42]. We choose Jχ > 0 and order the spins in
the triple product such that the triangles i→ j → k are
oriented counterclockwise. The model (1) has only the
dimensionless ratio g = Jχ/J and the chain length ` as
free parameters. We focus the case of even ` where the
total spin of each chain is integer. While our field theory
below applies for `  1, we note that ` = 2 corresponds
to a star lattice [43, 44].
In the large-` continuum limit, non-Abelian bosoniza-
tion expresses the low-energy bulk excitations of the spin
chains in terms of SU(2)1 Wess-Zumino-Witten models
[45, 46]. We associate with each chain a pair of chiral spin
currents, Jνα(V, x), where ν = +,− = L,R refers to in-
coming or outgoing modes at the x = 0 boundary of chain
α, respectively. The 2D vector V specifies the location of
junctions corresponding to down-pointing triangles, and
x ∈ [0, `] is the 1D coordinate measured from V along
a given chain, see Fig. 1. These chiral currents can be
represented by chiral boson fields ϕνα(V, x) [45, 46],
Jzνα =
ν
2
√
pi
∂xϕνα, J
±
να = J
x
να ± iJyνα =
1
2pi
e±i2
√
piϕνα .
(2)
The physics of the interacting spin network is then en-
coded by boundary conditions at the Y junctions.
For a single Y junction with `  1, the low-energy
physics is governed by a chiral fixed point, cf. Ref. [29],
for a critical value g = gc(`) with gc(∞) ≈ 3.4 [35, 36].
Chiral spin currents are then related by the chiral bound-
ary condition (α = α mod 3)
JR,α(V, 0) = JL,α−1(V, 0). (3)
The same boundary condition can be used at x = `
[36, 47]. For the 2D network, we impose Eq. (3) for the
down-pointing triangles in Fig. 1b. At the up-pointing
triangles, the chiral boundary condition takes the form
JR,α(V, `) = JL,α+1(V + δα−1, `), (4)
where δ1 = `(
√
3, 0), δ2 = `(−
√
3
2 ,
3
2 ), and δ3 =
`(−
√
3
2 ,− 32 ). Bosonic fields for different chains are thus
glued together by Eqs. (3) and (4). The normal modes
then correspond to chiral boson fields, φ(R, ξ), circulat-
ing in loops around each hexagon centered at position R,
see Fig. 1b, with the 1D coordinate ξ ≡ ξ mod 6`. This
picture is reminiscent of the Chalker-Coddington model
[48] and becomes asymptotically exact at the chiral fixed
point when neglecting RG-irrelevant operators.
Gapped spectrum.—Local operators in general involve
chiral bosons belonging to two neighboring hexagons. For
instance, the staggered part of the spin operator Sj =
Sα(V, x) can be written as [46]
S±α (V, x) ∼ (−1)x exp[±i
√
pi(φ(R′, ξ′) + φ(R, ξ))],
Szα(V, x) ∼ (−1)x sin[
√
pi(φ(R′, ξ′)− φ(R, ξ))], (5)
where (R, ξ) and (R′, ξ′), with R′ = R + δα and ξ′ =
2(α−1)`−ξ, refer to the respective center and 1D coordi-
nates of the neighboring hexagons. The mode expansion
reads
φ(R, ξ) = φ0(R)+
Q(R)ξ
6`
+
∑
n>0
an(R)e
ipinξ
3` + h.c.√
2pin
, (6)
3(a)
L
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(b)
FIG. 2. Spinons in the CSL phase. (a) A local operator acting
on a single site of a given chain c (gray circle) excites the zero
modes of two neighboring hexagons. These excitations with
∆N(R) = ±1/2 (red crosses) correspond to spinons. The
dashed line connecting two spinons defines an open string
w. (b) The operator transporting a spinon around a loop L
(purple line) produces a pi phase shift if a spinon is present
inside L.
where an(R) are boson annihilation operators associated
with momentum qn = pin/(3`), and φ0(R) and Q(R) are
zero-mode operators with [ϕ0(R), Q(R′)] = iδRR′ . In-
variance of the local operators (5) under ξ 7→ ξ+6` quan-
tizes the eigenvalues of Q(R) as 2
√
piN(R), where N(R)
and N(R′) for the two hexagons in Eq. (5) must be both
integer or both half-integer. Using Eq. (2), this selection
rule ensures that Sztot =
1
2
√
pi
∑
R
∫ 6`
0
dξ ∂ξφ =
∑
RN(R)
is integer for all physical states. We also observe that
N(R) determines the local magnetization associated with
the chiral boson for the hexagon at R.
The effective low-energy Hamiltonian at the chiral
fixed point then has the form
Hc =
∑
R
(
v
12`
Q2(R) +
∑
n>0
pinv
3`
a†n(R)an(R)
)
, (7)
where v = piJ/2 is the spin velocity [46]. The ground
state is the vacuum, Q(R)|0〉 = an(R)|0〉 = 0 for all
R and n. The first excited state is highly degener-
ate and corresponds to changing the zero-mode eigen-
values of two hexagons by ∆N(R) = ±1/2, with en-
ergy E1 = piv/(6`). We refer to the elementary spin-
1/2 excitation in a hexagon as spinon. Although local
operators create spinons in neighboring hexagons, see
Fig. 2a, they can be separated by arbitrary distances
without energy cost. To see this, consider the string oper-
ator S(w) = ∏c ei√piΦ0(c) with Φ0(c) = φ0(R′)− φ0(R),
which acts on the zero modes of all hexagons sharing
chains c crossed by the open string w, see Fig. 2. Using
[φ0(R), Q(R
′)] = iδRR′ , one readily finds that the state
S(w)|0〉 represents a two-spinon excitation with energy
E1, where spinons are localized at the endpoints of the
(arbitrarily long) string w.
Topological properties.—We next show that the
spinons defined above are semions, a hallmark prop-
erty of the Kalmeyer-Laughlin CSL [4]. Our argument
is similar to the proof for semionic statistics in the
toric code [49]. In the continuum limit, the operator
U = ei
√
pi
∫
dξ ∂ξφ(R,ξ) transports a spinon along the chain
direction [13]. We then combine the operators for dif-
ferent chains to an operator UL that takes a spinon
around a closed path L, see Fig. 2b. Next we note
that for every chain c between neighboring hexagons R
and R′, we have Ic = e2pii
∑
j∈c S
z
j = 1 because even-
` chains have integer spin. We thus can multiply UL
by Ic ∼ ei
√
pi
∫
dξ ∂ξφ(R,ξ)ei
√
pi
∫
dξ′ ∂ξ′φ(R
′,ξ′) for all chains
in the region A bounded by L, i.e., the shaded area in
Fig. 2(b). The inner loops are thereby completed and the
Stokes theorem gives
UL = ei
√
pi
∑
R∈A
∫ 6`
0
dξ ∂ξφ(R,ξ) = ei2pi
∑
R∈AN(R). (8)
For an odd number of spinons inside L, we have UL =
−1 as expected for semionic statistics. In contrast to
coupled-wire constructions [13], our analysis of fractional
statistics does not hinge on semiclassical approximations
of the effective field theory.
Another important property of the CSL is its quan-
tized spin Hall conductance. In a finite-size network at
the chiral fixed point, we must have gapless edge modes
decoupled from bulk modes, see Fig. 1(b). In a strip ge-
ometry of width W  `, the two edge modes along the
strip direction can be treated as (spatially separated) left-
and right-moving chiral boson fields φν=L,R(ξ) with the
edge Hamiltonian Hedge =
∑
ν
v
2
∫∞
−∞ dξ (∂ξφν)
2. Apply-
ing opposite magnetic fields at the two edges by adding
the terms δH± = ±h2
∑
j∈edge S
z
j , one imposes a trans-
verse spin voltage h E1. Using Eq. (2), we obtain the
longitudinal spin current Js = v2√pi 〈∂ξφL + ∂ξφR〉 = h4pi ,
which indeed yields the quantized spin Hall conductance
σsxy = 1/2 in units of the spin conductance quantum
1
2pi
(with ~ = 1) [10, 17].
Phase diagram.—Away from the chiral point, the field
theory contains a relevant perturbation due to backscat-
tering at the junctions [35, 36]. For our 2D network,
Hbs = λ
∑
R,α,r
cos[
√
pi(φ(R+ δα, ξ
′
αr)− φ(R, ξαr))], (9)
where λ ∝ g − gc for |g − gc|  1. The sum over R
and α = 1, 2, 3 counts each hexagon pair once, where
backscattering can occur at the two shared Y junctions
(labeled by r = 1, 2) and the 1D coordinates at the re-
spective junction locations are ξαr and ξ′αr. Right at
the chiral fixed point g = gc(`), we have λ = 0. Im-
portantly, Eq. (9) allows for quasiparticle scattering be-
tween hexagons such that spinons are no longer localized
for λ 6= 0. Using first-order degenerate perturbation the-
ory to compute the matrix elements of Hbs between two-
spinon states S(w)|0〉, we obtain a tight-binding model of
spinons on the triangular hexagon lattice with hopping
4g
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FIG. 3. Schematic phase diagram for the 2D network (1),
where the shaded region indicates a stable CSL phase. In
addition to quantum paramagnetic (PM) and valence bond
crystal (VBC) phases, we also expect antiferromagnetically
ordered phases (AFM1 and AFM2).
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0 1 2 3 4 5 6 7 8 9
ℓ = 8
3.5
7
3.5 4 4.5∆
s
g
n = 2 s = 2
n = 3 s = 2
n = 4 s = 2
n = 5 s = 2
n = 5 s = 1 n
ℓ∆
2
g
FIG. 4. DMRG results for the energy gaps ∆s=1,2 to the first
excited state with total spin Sztot = s vs the coupling g for
C(` = 8, n) clusters. The singlet-triplet gap ∆1 drops to zero
for g & 3.7. The gap ∆2 has a minimum with ∆(min)2 ∝ 1/(n`)
at g = gc(`). Inset: Magnified view of n`∆2 vs g.
parameter teff ∝ λ`−1/2. As a result, the degeneracy of
the first excited state is lifted. A phase transition oc-
curs once the spinon bandwidth closes the energy gap,
i.e., for |teff| ∼ E1. Using λ ∝ g − gc, the gapped CSL
phase is thus stable for [g− gc(`)]2 < c0` with c0 = O(1).
We sketch the phase diagram in Fig. 3, where the para-
magnetic (PM) and valence bond crystal (VBC) regions
are briefly discussed below. Since spinons condense at
distinct wave vectors for λ < 0 and λ > 0, different mag-
netically ordered regions (AFM1 and AFM2) are also ex-
pected, see Fig. 3. However, a detailed discussion will be
given elsewhere.
DMRG results.—We have implemented the DMRG
method [50] for Eq. (1) on tree-like clusters C(`, n) con-
taining n unit cells along one direction but only one cell
along the other, see Fig. 1b for C(`, 2), keeping up to
1000 states per DMRG block. For a similar comb geom-
etry implemented in a tensor-network based algorithm,
see Ref. [51]. Since the clusters C(`, n) contain no loops,
our DMRG results cannot provide direct CSL evidence.
Nonetheless, they (i) reveal the chiral fixed point for a
network with many Y junctions where (ii) intermedi-
ate values of ` suffice for realizing the chiral point (here
` = 8). In addition, (iii) the DMRG results support the
phase diagram in Fig. 3. Figure 4 shows the energy gap
∆s=1,2 to the first excited state with total magnetiza-
tion Sztot = s. For g  1, both ∆1 and ∆2 are nonzero
and almost independent of n. The ground state is then
adiabatically connected to a product of singlets on decou-
pled chains which is the exact ground state for g → 0.
On the 2D network, this state corresponds to the PM
phase with singlet-triplet gap ∆1 ∝ 1/`. For g  1,
∆1 decreases exponentially with n while ∆2 remains fi-
nite, implying a fourfold degenerate ground state. In
fact, for g → ∞, an effective spin-1/2 operator emerges
from the three strongly coupled spins at each junction,
with exchange coupling J ′ = J/3 to the boundary spins
of the remaining length-(` − 2) chains [35]. We find a
VBC phase with a pattern of one strong and two weak
bonds to emergent spins, see Ref. [52], where each clus-
ter boundary hosts an effective spin-1/2 and the chiral
point separates phases without or with end spins. Right
at the chiral point, a chiral edge mode propagates around
the entire system. We then expect the gaps to vanish as
∆s ∼ 1/n for n → ∞. The inset of Fig. 4 confirms this
behavior for g ≈ 3.7. We have thus identified the chiral
point in this geometry, gc(` = 8) ≈ 3.7.
Conclusions.—Our CSL construction employs chiral
junctions of multiple spin chains as basic building blocks.
Like the thin torus limit of the quantum Hall effect
[53], this approach expresses the essential physics in
more feasible geometries. Indeed, since the gap scales
as E1 ∝ 1/`, the CSL phase can already be accessed for
networks with rather short `. Our approach paves the
way to a systematic study of many other CSL phases
through the general connection between CSLs and chiral
critical points in BCFT.
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6Supplementary Material to “Spin chain network construction of chiral spin liquids”
Our DMRG simulations for the clusters C(`, n) provide evidence for the VBC phase when the chiral coupling
g = Jχ/J is large, g  1. We describe these results here.
For g  1, the three spins at a Y junction are strongly coupled. At low energy scales, they form an emergent
spin-1/2 degree of freedom that then couples by a weaker exchange coupling J ′ = J/3 to the boundary spins of
the residual spin chains. These three bonds are labeled by A,B,C in the figure. In the VBC phase, one expects a
characteristic pattern with one strong and two weak bonds at each junction, where the bond strength refers to the
value of |〈Si · Sj〉|. This pattern is quantified by the VBC order parameter,
DVBC = 1−
〈Si · Sj〉A + 〈Si · Sj〉B
2 〈Si · Sj〉C
. (10)
While the VBC pattern breaks the rotational symmetry of the 2D network, it does not break any symmetry for the
cluster geometry. As shown in the figure, our DMRG results indicate that for ` = 8, the order parameter DVBC is
a smooth function of g which significantly increases for g  1. A closer analysis of the bond pattern reveals that
the ground state can be pictured as a product of singlets in the bulk (blue regions in the inset) and two outer blocks
containing ` + 1 spins (orange regions). In total, these outer regions realize an effective spin-1/2 degree of freedom
localized at the ends of the cluster. This observation explains the fourfold degeneracy found for n→∞ in our DMRG
results.
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FIG. 5. DMRG results for the VBC order parameter DVBC, see Eq. (10), vs the chiral interaction parameter g for C(8, n)
clusters. In the inset, the thickness of each red line is proportional to the magnitude of the bond in the C(8, 2) cluster with
g = 20. The emergent spin-1/2 degrees of freedom at each Y junction are indicated by circles. The bonds between this spin
and the boundary spins of the residual chains are labeled by A,B,C and exhibit the VBC pattern described in the text.
